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Chapter 5 Statistical Thermodynamics

1. Introduction:
* Classical thermodynamics:
(@ Macroscopic functions
@ 2" law is only a direct result of the fact that has failed to invent a
perpetual motion machine (PMM).
“Law” < It has not yet been disproved.
* Physical significance or quantity of S?
2. Entropy and disorder on an atomic scale
* Gibbs: entropy <> degree of mixed-up-ness at atomic or molecular level.

solid : more ordered arrangement
e.g. <liquid :disordered
gas : disordered and random motion

S(solid) < S(“quid) < S(gas)
EX1:
Melting Solid—=— Liquid const. T, ,P
ASm:A{:m “wg=AH_ >0
~AS, T
Solidification Liquid —= Solid AS gy <0
however  AS .oy > 0
and ASyyy >0
Equilibrium Solid <= Liquid
(nochangein disorder) AS,, =0 at T, (reversible)
EX2:
Supercooled liquid ?Tm)solid (spontaneous)
{AS(sub) <0
AS(reservoir) >0
AS,, >0 irreversible

3. Microstate and macrostate
* Statistical mechanics: probability
equil. state <> must probable state.
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* Quantum theory: (1) quantized energy levels
@ V1 < (energy gap)

EX: 4 energy levels: e, €1 €, €3
3 distinguishable sites: A, B, C
3 indistinguishable atoms
Total U = 3u (macrostate)
Possible microstates? (10)

(D possible energy combinations: 3

€4 ®

& o

g, —0 00— o

£, ——o— -®-
(a) (b) (c)

@ possible microstates = 10

ABC ABC ABC ABC ABC ABC ABC ABC ABC ABC

T
thi
%
+
!
|

. 1
robability of (a)= —
p ty of (a) 10

. 3
robability of (b) = —
p ty of (b) 10

probability of (c) = % = most probable; most mixed - up - ness

4. Determination of the most probable microstate
*n particles, constant U, V (isolated system)
*V fixed. => energy levels are fixed
energy levels: e, €. €,
. number of arrangements:

Er (r+1) levels
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S Q=C(n,ny)xC(n—ny,n)xC(N—ny —N;,N,) X x1
I —n)!
= n X (n nO)' D S Xl
n!(n—ny)! nt(n—n, —n))!
n! n!

Problem: Determine values of n; (n,, Ny, Ny, .......... , Ny
which maximizes Q).

Stirling’s approximation] InX! = XInX - X

InQ:(nInn—n)—Zr:(ni Inn, —n,)

N => &M =0on, (1)

N=D M =0 2)

5InQ:—Z[é‘n, —Inn, +ni%—5n|]:_2(aqi -Inn,)
whenQ=Q oInQ=0
SO NN =0, A3)

(1), (2), (3) must be simultaneously satisfied.
Solving method : Lagrange undetermined multipliers : , S
constants.

@: > Beon =0 [ﬁ has unit : j
energy
(: dYa-o =0 (a :dimensionless)
~ O (Inn + o+ Be;)-ony =0
(Inny +a + pe,)- o, +(Inn, +a + fe,)- o, +.....= 0
Since, on, =0, sdnng +a+ pe, =0
Inn, +a+ e, =0

snn, +a+ pe; =0
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n=e%.g %

n= Zni = Ze‘“ e g _ze—ﬁgi

Define: partition function| P = Ze’ﬁ“’i

When nis very large, Qmna~ Qo
2InQy =InQ , =(nInn=n)->(n,Inn, =n;)=nInn->"n;Inn,

tot =

= nInn—Z(%.e‘ﬁfu )m(%_e—ﬂg,)

=nlnn—%2eﬂgi (Inn=InP - ps,)
= n|nn—%(|nn—|n P).Ze’ﬂgi +%28i _efﬂgi

U :Znigi :Z%& e 2%2& e Pa
~InQ, =nInP+pU...... @

.'.£5InQ
B

tot

c.p. atconstantV, dU, =TdS

Boltzmann equation: | S=kInQ
~dS=k-dInQ

TdS =kT -dInQ

TdS =kT -dInQ =dU, .......(3)

=T P=Ze%
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Note:
L, wS= kinQ
. Equilibrium at constant U, V, nisthatS =S, therefore, Q=Q_

n. e kT .
R ~TT=n, T athigherg,, n, ¥ atlowere,
n P
Eg lower B, higher T n _i(g 2 Ae
& higher B, lower T S0 gk kT
£ - n,
el
- constant V and n n
“ wAe>0, T T=| 22|71
g F—-—- n,
&y [-———
g L """""

5. Heat flow and entropy production

* Irreversible process: production of entropy.
EX: Ta > Ts

Y | TA'FTe’=T

Qa Os Qa* OB

A\ 4

Ua

Q’a(Ua’)  Q’s(Ug%)

AQa < AQg eqUil- (QAQB)max

oIn(QaQg)=0 atequil. (Reversible)

+—

From (2) in previous page: olnQ = é;_\’ = % (For constant V)

. For spontaneous irreversible process: 6 In(QaQg) >0

ShQ, =—4
KT,
5InQB:éQB
KTy

6Qa=-6Qs= 6(q<0 (Ta>Ts)
oInQ,Q, =0InQ, +6InQ,

T, T, )k
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6. Configurational entropy and thermal entropy
* Thermal entropy: redistribution of particles in energy levels during heat transfer
S (thermal energy).

* Configurational entropy: distribution of particles in space.

Scom‘. Q4:0 _1

®B ® Q, =16 C(4,3)xC(4))
® ®

8l

Q,, =36 C(412)X C(4,2) Total =C(8,4)=—— =70

4141
Q. =16 C(41)xC(43)
Qy, =1
.. 2:2is the most probable state <> most random
S=kInQ) , S = Smax
EX:
A|B A+B mixing
State (1) State (2)
QZ
AS=S,-S, =kInQ, -kInQ, =klIn| —=
1
-1 0,-tm) - as=kin Nat o)
n,In,! n,In,!
* Stotal = Sth + Sconf.
=kInQ, +kInQ_

= k In chQconf.
Qo Q
o = kIn th(2) conf .(2)

L AS

(1)~ cont (1)

. Qconf (2)
(1) For mixingatconstant T:  AS,, =kIn——
conf (1)

Q)

(2) Heat transfer only : AS,, =kIn—=

th(1)

* ldeal mixing: mixing does not cause a redistribution of particles among energy
levels. i.e., Qe = Qunq), (complete randomness)
Usually, Quney # Quwa),
Clustering or ordering may occur.
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©
@@ 4>=2(i\A+ZB) randor_n
! clustering
@ <2B ordering

EX1: Spectroscopic examination of excited N, molecules:

v=7x10%s*

ei=(@+1/2)hy
=01 {h —6.6252x10%J -5

i 0 1 2 3
r’:—i 100 0250 0.062 0.016
(@) Proof of equilibrium distribution
2 T="?

Solu: (1) At equilibrium.

ho 6.6252x107% x 7 x10%

T - - — 2420K.
1.386k  1.386x(1.38x107%)

n 1ho
2) P Do ey W 05
) n p( 2ij
p.Mh_ exp(—%i—fr)j = 0.125
f i if equil at T = 2420K
p. "2 _exp[ — 27101031
n 2 kT
P _exp[ — L1V _ 0 008
n 2 kT
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- Normalize: — =M _ 0125 0.25
n, 05

n _Ny _0008_4 44
n, 05

.. Observed distribution is equil.

EX2: Isotopes of Pb:
M at% N
204 15 0.015N,
206 23.6 0.236N,
207 22.6 0.226N,
208 52.3 0.523N,
Molar configurational entropy Scons, = ?

Solu:

+S=kInQ

(N, !
(0.015N, )(0.236N, )1(0.226N, (0.523N, )
~InQ=(N_InN, —N_)-(0.015N, In0.015N, —0.015N,)

—(0.236N, In0.236N, —0.236N_ ) —.............
=6.5x10%
* S =kINQ =(1.38x10% )x (65x107 ) =897/

7. Calculation of S, A, U, C, from P
From (1) in page 5-4, InQ_, =nInP + pU

tot

:nInP+i
KT

S=kInQ

tot

:nkInP+¥ A=U-TS=U —T-(¥+nklnPj

SA=-—nkTInP and dA=-SdT - PdV

S:—[a—A} =nkInP+nkT(a|nPj
oT |, ot )y,
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U=A+TS =-nkT INnP+T nkInP+nkT(a|nPj
aT ),

S U = nsz(a'n Pj
aT ),

2
C, =(ﬂj =2nkT(a|nPj ke EInP
ot )y ar ), or° ),
* Calculation of V, H, G, C, requires the volume dependence of partition
function.

Internal ener
gy} of acrystal.(C,)

" Heat capacity
25— 71— re Einstein’s model: * Simple cubic structure.
Debye (each atom has 6 nearest neighbors)
20+~ -

* Bonding <—=> Spring

Einstein

X . ] Crystal energy <——=> Oscillators
§ (Internal energy)
o
3 10 ) .
3 o Al 6 -385K N, atoms
5 - . 13N, oscillators

(.- each bond is shared by 2 atoms)

0 - L 1 I
0 0204 06 08 1012 14 16 1.8 20

Coupled oscillation |::> only certain discrete vibrational frequencies can
occur.
'::> Bond energies are “quantized”
Allowable energy: e¢i=(i+1/2hy (i=0,1,.....)
h: Plank’s const. = 6.624 x 10% erg + sec/atom
* characteristic freq. v is the only adjustable parameter: v =y ¢
Y < spring constant.
different solid => different v
vy can be determined by curve fitting. Cy(T), which is measured

experimentally.

ivl | r_hy
=

P e Ly W i e
i=0 i=0 i=0

e ! X = ho

~" e’ KT

letr =0

.o
.
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_ ho 1+ 2e /KT
2KT 2 [l—e_(h%)}
1 e_h%T +2e_h%T 1+e_h%T
_ ho _ ho
2kT? 1_e i) 2kT? [1_6—%}

-+ 3N, oscillators.

SNOkT[ﬁ(;r_:_P} —U = A+TS :%Nohu. =
v o]
, _ho , ho
C, =@—$J =3Nok(z—1l_)j -%:SNOK-[E—?J %
Y {1_81:} (e Via —1)
Define : Einstein temperature, 6, = hk—u (See Gaskellsec.6.2 & 6.3)
N, =N, ~Nk=R
, Y%
~.C, =3R-(i—Ej %
R

Compare with experimental data, Fig. 6.2 (Al) & Fig. 6.3 (Diamond)

]
[

*HighT, C, < 3R
* Cy(Einstein) -> 0, when T-> 0.
Faster than experimental data.

[~
=]
T
1

[
g
1

Gy, joules/male K

=]
T

5 = Loty

[ A T S E SR E R
0 0204 06 08 101214 16 18 20
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*| Dulong — Petit Rule | (1819): C,=3R, all solid elements. (high T)
(Empirical rule, not always correct.)

* Debye theory of C,

(1) Elastic vibration of a continuous solid.

Frequency spectrum: g(v)= 9—'\202

m

oW)|

~V

W

>V

O Ve Vin=Vo=Vx W
J: g(v)-do=3N,: total oscillators %

v (A, =2a) A=na
Upax =
v wave velocity
hog

Define v, =v,, 6, =

: Debye Temperature.

3 Op 4 —x
- Cy =9R[Lj -J.T Lz-dx where x:h—U
0D 0 (1_e‘x) KT
At very low temperature. (X — o) Cy=T® (Debye T° law)

Debye curve is in very good agreement with experimental data.

* C, of electrons (see Thermodynamics, Kinetic theory and statistical
thermodynamics, by F.W. Sears and G.L. Salinger, §13-6, p 407-413)
Free electron gas,

2
CV:”Rk—T:bT or C, ~T
2 \E;

However, contribution of electron to C, of a metal is very small (low T)
compared to atom vibration. Because only very few electrons can be
excited to high energies.
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N(E) 1;. " Very high T, C, becomes
« T important.
- Co=a+hT+cT?
// (ETA) T -
EF E

* In view of the discrepancies between theoretical calculated C, values and
experimentally determined value, it is normal practice to experimentally
determine C,(T) of a substance.

Empirical Co=a+bT+c/T

*| Kopp'srule: | C, (AnBn) = mCpy(A) + nCy(B)
Heat capacity of a solid compound is equal to the sum of heat capacities of
its constituent elements.
9. U and C, of ideal gas
Monatomic ideal gas model
Assumption: The energy contributed by each particle is simply the Kinetic
energy associated with its translation through space.

- . position : F(X, Y, z)
Specific 6 variables for each atom: o
velocity : V(v,,v,,Vv,)

g :%mv2 =%m(vx2 +v,° +v22)

Note: the variables are not quantized. The velocity and the position may vary
continuously.

—0 <V, (V,,V,) <+
0<x<l,, 0<y<l, 0<z<l,

S P= ie_%T
i=1

L P= J.OI ﬂy ﬂ ft; J.: J.:e%T -dv, dv, dv,dxdydz

Note: Position and velocity coordinates are independent of each other.

2

Lol ol o MMy m?
szzjijdxdydz-J g 247 dvxj e 2T dv I e 2T dv
0 Jo Jo o o V) o z

V= J.; J:y .[(: dxdydz
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w[le ™ dx= r re_?vaz “dv = 1/2721(—1-
o a o m

%
P=v-(2ﬂk—TJ InP=Inv+§In(%j+§lnT
m 2 m 2
Nosz(a'”Pj _U = A+TS = SNKT
aT )y 2
c, (@j 3Nk
ar )y 2
Note : (1) U isa function of T only!
(2)C, isconstant. ForN, =N, C, :gNAk =%R
(3) Proof for N,k =R
.+ dA =-SdT — PdV + o'
L. P:-(a_Aj
oV J;
~ P =NKkT _[alnPj CNKT -2 PV = NKT
N J; %

Foronemole:N, =N,, PV =N,kT
compare with ideal gas law (experiment) : PV =nRT (n=1)
~N,k=R or k:i

NA

10. Diatomic ideal gas (Polyatomic gas)

Translation of mass center
Kinetic energy of a molecule < Rotation
vibratioin of atoms about mass center

* Simplification: each component of kinetic energy has the same mathematical
form.  (e.g. Rotation: Ex = Iw?/2 (v =Rw);
SHM: Ex = mw?(A%-x?)/2 (v = dx/dt = wAcos(wt+a)
X = Asin(wt+a))

n
LE= ijvj2 n: number of independent motion components.
=1

e.g. * one rotation term, if molecule has an axis of symmetry.
* one vibration term for each bond in the molecule structure.

n
1 bv.2

P[] [y [ [ e T v, o,
:V-” ........ ﬁ{f{e_gv’zl-dvl-dvz ...... dv,
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=V ﬁ [fwe'k‘)%viz -dv, :l _[e'azxz dx = %

j=1

. C, =(Qj =n~1Nok:n-B
ot )y 2 2

* C, depends on the number of independent components of motion that the

molecule can display.

i.e. Each independent component of motion of the molecule in the gas

contributes the same quantity, kT/2, to the internal energy.

=>| Principle of equipartion of energy

*Ar, He, Ne Cv~3R/2 (3 translation)
Hy, Oz, N2 Cv~5R/2 (3 translation+1R+1 vib)
NH3 Cv~7TR/2 (3 t+1R+3 vib)

*For Nz, °." bond is stiff

.". Vibrational E. < Rotational E. < Translation E.
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